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A late epoch cosmic acceleration may be naturally entangled with cosmic coincidence - the observation that at 
the onset of acceleration the vacuum energy density fraction nearly coincides with the matter density fraction. In 
this letter we show that this is indeed the case with the cosmology of a Friedmann-Lamaitre-Robertson- Walker 
(FLRW) 3-brane in a 5-dimensional anti-de Sitter spacetime. We derive the 4-dimensional effective action on 
a FLRW 3-brane, from which we obtain a mass-reduction formula, namely M = p b /\A 5 \, where M p is the 
effective (renormalized) Planck mass, A 5 is the 5-dimensional cosmological constant and p b is the sum of the 
3-brane tension V and the matter density p. Although the range of variation in p h is strongly constrained, the 



Big Bang Nucleosynthesis bound on the time variation of the effective Newton constant G. 



satisfied when the ratio V/p > O(10 2 ) on cosmological scales. The same bound leads to an effective equation 
of state close to —1 at late epochs in accordance with astrophysical and cosmological observations. 

PACS numbers: 98.80.Cq, 04.65.+e, 11.25.Mj 



o 

u 

6 



>: 
o. 

co : 



(N 



Introduction: The paradigm that the observable universe 
is a brane-like 4-dimensional hypersurface embedded in a 
five- and higher-dimensional spacetime 0]] is fascinating as 
it provides new understanding of the feasibility of confin- 
ing standard-model fields to a D(irichlet)3-brane OK This 
revolutionary idea, known as brane-world proposal Jj-Ql], is 
supported by fundamental theories that attempt to reconcile 
general relativity and quantum field theory, such as string 
theory and M theory 16Q. In string theory /M theory, grav- 
ity is a truly higher-dimensional theory, becoming effectively 

4- dimensional at lower energies. This behavior is seen in 

5- dimensional brane-world models in which the extra spa- 
tial dimension is strongly curved (or "warped") due to the 
presence of a bulk cosmological constant in five dimensions. 
Warped spacetime models offer attractive theoretical insights 
into some of the significant questions in particle physics and 
cosmology, such as why there exists a large hierarchy between 
the 4D Planck mass and electro-weak scale and why our 
late-time low-energy world appears to be 4-dimensional 13,181]. 

For viability of the brane-world scenario, the model must 
provide explanations to key questions of the concurrent cos- 
mology, including: (i) why the expansion rate of the universe 
is accelerating and (ii) why the density of the cosmological 
vacuum energy (dark-energy) is comparable to the matter den- 
sity - the so-called cosmic coincidence problem. In this let- 
ter, we show that the cosmology of a FLRW 3-brane in a 
5-dimensional anti-de Sitter spacetime can address these two 
key questions as a single, unified cosmological problem. Our 
results are based on the exact cosmological solutions and the 
4-dimensional effective action obtained from dimensional re- 
duction of a five-dimensional bulk theory. 

Model: A 5D action that helps explore various features of 
low-energy gravitational interactions is given by 



shall write the 5D metric ansatz in the following form 
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where M R is the fundamental 5D Planck mass, C 
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(i) 

b is the 



brane-matter Lagrangian and V is the brane tension. The bulk 
cosmological constant A 5 has the dimension of (length) -2 , 
similar to that of the Ricci scalar R.. As we are interested in 

5 

cosmological implications of a warped spacetime model, we 



ds 2 



-n 2 {t,y) dt 2 + a 2 {t,y) 



dr 2 



1 — kr 



r 2 dVL< 



dy 2 , 
(2) 

where k £ { — 1,0,1} is a constant which parameterizes the 
3D spatial curvature and dfl 2 is the metric of a 2-sphere. The 
equations of motion are given by 
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di&g(-p b ,p b ,p b ,p b ,0) 
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with p b = p+V and p b = p — V, where p and p are the density 
and the pressure of matter on a FLRW 3-brane. The parameter 
h appeared in eq. ([TJ is the determinant of 4-dimensional com- 
ponents of the bulk metric, i.e. h fll/ (x fJ -) = g^ l/ (x ,1 ,y = 0). 

Bulk Solution: Using the restriction Gg = and choosing 
the gauge no = n(t, y = 0) = 1, in which case t is the proper 
time on the brane, one finds that the warp factor a(i, y) that 
solves Einstein's equations in the 5D bulk and equations on a 
FLRW 3-brane is given by |@] 



a (t, y) 




(4) 



where a = a(t,y = 0) and p b = p b /M^. The form of n(t, y) 
is obtained using n = a/ do. The integration constant C enters 
into the brane analogue to the first Friedmann equation 
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where H = do/ao is me Hubble expansion parameter. The 
brane analogue to the second Friedmann equation is 



H + H 



A. 



3G 



2 + 3w, 



C 



(6) 



2 



where w fc = p b /p b is the effective equation of state (EOS) 
on a FLRW 3-brane. The brane evolution equations are quite 
different from Friedmann equations of standard cosmology: 
the distinguishing features are (i) the appearance of the brane 
energy density in a quadratic form, (ii) the dependence of H 2 
on A 5 and (iii) the appearance of the bulk radiation term Cja\. 
If the radiation energy from bulk to brane (or vice-versa) is 
negligibly small, then it would be reasonable to set C = 0. In 
the following we assume that C = unless explicitly shown. 



Cosmic acceleration: With V = 
conservation equation, p, + 3H(p b 



const, the brane energy- 
\-pb) =0, reduces to 



p* a 



7 = 3(l + w), 
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FIG. 1: The density fractions Q x (f2 4 , and fi_ 3 ) (solid, dashed 
and dotted lines, respectively) with 7 = 3 and v = 2. The decelera- 
tion parameter q (violet) becomes negative when Hat > 0.37. 



where w = p/p is the EOS of matter on the 3-brane and p* is 
a constant. With eq. (O, eq. (0 takes the following form 
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where A 4 = ^ + ^Q, p 

admits an exact solution when k = 0, which is given by 



p*M~ 3 and V = V/M^. This 
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9 ~ a? ~ sinh (jH t) + v{ cosh (~(H Q t) - l) 



, (9) 



where H, 
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and 



From this we find that the 



Hubble expansion parameter is given by 

d H [j/sinh(7 H Q t) + cosh^H^)] 
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ao v (cosh(7i7 t) 
The deceleration parameter 
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changes sign from positive to negative when ^H^t ~ 1.1 (cf. 
FIG. 1). This implies a transition from decelerating to acceler- 
ating expansion. The onset time of acceleration depends on v 
but only modestly; generically, we expect that v = V/6H Q = 



V 2 /12A 4 > 0(1). In the RS limit (A 4 = 0), we find that 

Oo(i) oc (2t + 7^iJ Q t 2 ) , which shows that the scale factor 
scales as t 1 ! 1 at early epochs and as i 2 / 7 as late epochs. The 
cross-over takes place when H Q t ~ 2/(71/). In the generic 
case with A 4 > 0, the scale factor grows in the beginning as 
i 1 / 7 (as in the A 4 = case) but at late epochs it grows almost 

exponentially, a (t) oc (e 7H o* - 2v/(l + v)) 1,1 . 

Cosmic coincidence: Consider the Friedmann constraint 
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where 



0.15. Gradually, f2 4 , which measures the bare vacuum energy 
density fraction, surpasses these two components. Notice that 



fi_ ~ 1 when £f n t > 0.5. We can see, for v 

p - 



2, that 



0.26 and fi. 



0.74 when Hnt ~ 0.75. The cross- 



over time between the quantities £1 = 

p 



fl-2 and f2 4 

depends modestly on v. This provides strong theoretical evi- 
dence that dark-energy may be the dominant component of the 
energy density of the universe at late epochs, and it is consis- 
tent with results from astrophysical observations ESIH. Un- 
like some other explanations of cosmic coincidence, such as 
quintessence in the form of a scalar field slowly rolling down 
a potential 11211 . the explanation here of cosmic coincidence 
does not require that the ratio f2 m /f2 A be set to a specific 
value in the early universe. Due to the modification of the 
Friedmann equation at very high energy, namely H oc p, new 
effects are expected in the earlier epochs and that could help 
to address the challenges that the ACDM cosmology faces at 
small (sub-galaxy) scales ll 111 . 



Effective Equation of State: Eq. © can be written as 
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As H Q t 



00, H — > H q 



1 and when V ^> p, which 



generally holds on large cosmological scales, we obtain 
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This is consistent with the result inferred from WMAP7 data: 
w fe = -0.980 ± 0.053 (fi fe = 0) and w fe = -0.999j£^ 
(fi fc ^ 0) HI1]. In the earlier epochs with >yH t < 1.2, we 
have w b > —1/3, showing that a transition from matter to 
dark-energy dominance is naturally realized in the model. 

In FIG. 2 we exhibit the parameter space for {v, H Q t} with 
a specific value of w fc at present. If any two of the variables 
{v, H Q t, w} are known, then the remaining one can be calcu- 



lated. Typically, if v ~ 2 and Hgt ~ 0.75 then w fe 
In particular, the effective EOS w, is given by 



-0.985. 
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fi- 2 = 
p 36H 2 



(13) 



As shown in FIG. 1, fi_ 2 starts out as the largest fraction 
around H Q t > but quickly overtakes it when H Q t > 



w 6 = ^ 



Pb 



p-V 
P + V 



w — x 
1 + x ' 



(16) 



For brevity, suppose that the brane is populated mostly with 
ordinary (baryonic) matter plus cold dark matter, so w ~ 



3 
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FIG. 2: The surfaces with w b = -0.95, -0.98 and -0.99 (from left 
to right) in the parameter space {v, H () t}. 



(7 ~ 3). In this case, cosmic acceleration occurs when x = 
V/p > l/2(orw b < —1/3). This result is consistent with the 
behavior of the 4D effective potential. 

Effective Action: The gravitational part of the action (HJ is 
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where the prime (dot) denotes a derivative with respect to y 
(i). This 5D action can be uniquely reduced to a 4D effec- 
tive action by integrating the expression inside the parenthesis 
with respect to y. For this we need to separate a" and n" into 
non-distributional (bulk) and distributional (boundary) terms 



[a']6(y). 



(18) 



Using n = a/do and the solution ©, the non-distributional 
part of the action (JTVj is explicitly evaluated to be * . 



h = / d 4 x 



~ hM 'rh 
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where R. = 6 (d /a + do/ a o + ^/ a o)- The distributional 
part of the action (fTTI i is 



h= d 



The total action on a FLRW 3-brane is found to be 
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with the effective potential given by 
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and the effective (renormalized) Planck mass given by 



M 2 P 



pb 



pb 



(23) 



The Newton's constant G$ is identified in the low energy 



limit (or when the matter density is much lower than the brane 
tension), 87rG^ ~ (— A g /V). This reduces to the formula or 

identification used in U, 8nG { ^ ~ V/(6M*), when A 4 = 
0. Furthermore, the mass reduction formula for RS flat-brane 
models 



I Ml 



Mg y/— 6/ A, is obtained as a special limit 
of our result, namely, M|A g = A, p = and A 4 = 0. 

We make a remark here in regard to the scenario with 

A r = 0. In fact, the 4D Ricci scalar on a FLRW 3-brane, 



R 4 , is not recovered (under dimensional reduction) if the 
bulk spacetime is flat A 5 = 0. The Dvali-Gabadadze-Porrati 



model [13] corresponds to a flat 5D bulk. In their model, it is 
argued that R A is generated from loop-level coupling of brane 
matter to the 4D graviton. At least at a classical level, R A is 
not generated in the dimensional reduction of the 5D action if 
A 5 = 0, and this is exactly what we found. 

AdS/FLRW-cosmology correspondence: In the limit x = 
V/p ^> 1, the 4D effective potential is approximated by 
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Note that A , 



T A r r 3.S X 

4 eff 



00. This result, which relates 



the bare cosmological constant to the 4D effective potential 
in the limit p — s- 0, is a direct manifestation of AdS/FLRW- 
cosmology correspondence. In a general case with finite x, 
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for any value of 3D curvature constant k. The boundary ac- 
tion < f20b is crucial to correctly reproduce the RS limit, i.e., 
and A 4 -> 0. If p > then A e// ^ 
0. This shows that the vacuum energy on the 
brane or brane tension need not be directly tied to the effec- 
tive cosmological constant on a FLRW 3-brane. 



A e// -> as p 
even if A 4 = 




V/p 



FIG. 3: A e// /p 2 as a function of x = V/p with AJV 2 
0.001, 0.0004 and (top to bottom). 



* Though the range of y-integration is {—00, +00}, for the purposes of de- 
riving the 4-dimensional time-dependent action on a FLRW 3-brane, it suf- 
fices to evaluate eq. i\7\ about the position of the brane at y = 0. 



With A 4 = 0, there is no accelerated expansion of the uni- 
verse, at least in a late epoch. To quantify this, take 7 = 4. 
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We then find A = ™p 2 /18(l + x) < 0, implying a de- 
celerating universe. If 7 = 3, then A e ^ > in the range 
0.177 < x < 2.822, but in this range w fc > -1/3. A small 
deviation from RS fine-tuning can naturally lead to acceler- 
ated expansion; the onset time of this acceleration primarily 
depends on the ratio A 4 /V 2 . The larger deviations from RS 
fine-tuning imply an earlier onset of cosmic acceleration. This 
can be seen by plotting the 4D effective potential (cf. FIG. 3) 
or analyzing the solution given by eq. (|9). For A 4 > 0, the 
model correctly predicts the existence of a decelerating epoch 
which is generally required to allow cosmic structures to form. 

Constraints from BBN: In the limit V p, so p b ~ V, 
eq. d23l is approximated as 



M 2 P ~ % A: 



v-f (26) 

Cosmological observations, especially Big Bang Nucleosyn- 
thesis (BBN) constraints, impose the lower limit on V, namely 

V > (1 MeV) 4 => M 5 > 10 TeV. (27) 

From eq. d23l we find the time variation of the renormalized 
Newton constant 
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From eq. (O we can see, particularly at late epochs or when 
H Q t > 0.5, that p/p -> -"/H Q . The BBN bound, namely 



< 0.01 H n 



7.3 x lQ-^yr" 1 , 



N 



which is also comparable to current constraints from lunar- 
laser-ranging 11411 . translates to the condition that x > 10 2 
(and — 1 < w fc ~ —0.99) on large cosmological scales. 

Further constraints: Next we consider perturbations about 
the background metric given by eq. @, along with the solu- 
tion (01. The transverse traceless part of graviton fluctuations 

Sgij = h ij (x fl ,y) = Vm(t)f m (y)e lk ' x leads to a compli- 
cated differential equation for the spatial and temporal func- 
tions, which take remarkably simple forms at y = 0,, namely 



(2d 2 -p b d y + 2m 2 )f. lJ (0 + ) = 0, 



d 2 + 3Hd t 





fc 2 ^ 

















¥>™(0 . ) = o, 



(29a) 



(29b) 



where m 2 is a separation constant. Equation J29bl > is equiv- 
alent to a standard time-dependent equation for a massive 
scalar field in 4D de Sitter spacetime. The masses of Kaluza- 
Klein (KK) excitations are bounded by m 2 > 4H 2 /9, in 
which case the amplitudes of massive KK excitations rapidly 
decay away from the brane. This, along with a more stringent 
bound coming from eq. d29a| ), implies that H < 3V/(8M^). 
This is similar to the bound coming from the background so- 
lution, namely A 4 < t^ 2 /12 or H Q < V/(6M*). 

Conclusion: Brane-world cosmology with a small devia- 
tion from RS fine-tuning (A 4 = 0) is able to produce a late- 
time cosmic acceleration. The model puts the constraints 



0<^<1 
U ~ V 2 ~ 12' 



V 
6H0 



> 1. 



The smaller the deviation from the RS fine-tuning the larger 
the duration of cosmic deceleration, prior to the late-epoch 
acceleration. For a FLRW 3-brane with non-vanishing matter 
density (p > 0), the brane tension is not fine-tuned but only 
bounded from below, i.e., V > 6H n M 3 . 

~ u 5 

The method of dimensional reduction gave rise to a sim- 
ple formula, Mj, = p b /\A 5 \, which relates the effective 4D 
Planck mass to the 5D cosmological constant. As the matter- 
energy density on the brane p b is time-varying, this suggests 
that a renormalized Planck mass Mp, and hence a renor- 
malized Newton constant Gn, is generically time-dependent. 
This is acceptable since analysis of primordial nucleosynthe- 
sis has shown that Gn can vary, although the range of varia- 
tion is strongly constrained. The BBN bound is satisfied when 
the ratio V/pis larger than O(10 2 ) or when the effective equa- 



tion of state — 1 < w. 



-0.99. 



At cosmological scales the background evolution of a 
FLRW 3-brane becomes increasingly similar to ACDM but 
the model is essentially different from ACDM, as is clear from 
the EOS in eq. (fl4l or the deceleration parameter in FIG. 1 . 
By precision determination of the present deceleration param- 
eter or the effects of a time varying equation of state we can 
hope to explore the late-time role of high energy field theories 
in the form of brane worlds and many new physical ideas. 
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